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Gradually, every year the nature of competitive entrance exams is inching towards conceptual
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Binomial Theorem and its Simple Applications

° Binomial theorem for a positive integral index, General term, Middle term and simple applications

Introduction:
Any algebraic expression which contains two
dissimilar terms is called binomial expression.

e.g.
2 3

x+y,2-x, 23—5b,x2y+ Lz, 21+&; etc.

Xy 5 3
We know the following formulae:
(r+y)’=1
(x+ y)1 =x+y
(x -I—y)2=x2 + 2xy-i—y2
(x+yy=x+ 3x23y +3x7 4+
(x+y)t=x'+4axry+ 63623)/2 +4xy® +y*
(x+ y)5 =x + 5x4y+ 10x y2+ 10x2y3 + 5xy4+ y5
We observe that the coefficients in the above
expansions follow a particular pattern as given

below:

Index Coefficients

0 1

1 1\/1

2 IVZV1

3 IV3V3VI

4 1V4V6V4V1

5 IVSVIOVIOVSVI
6 1V6V15V20v15v6v1
7T 1 7 21 35 35 21 7 1

The above pattern is known as Pascal’s Triangle.
Here,

each row starts with 1 and ends with 1.

The coefficients of an expansion are obtained by
sum of two coefficients, one just before it and
other just after it, in the previous row.

Binomial theorem for positive integral index:

If x and a are real numbers, then V n € N,

(x + a)n — nCO xn aO + nc1 xnf 1 a1 + nczxn72 a2
Fo G A G, x e e, k"
n
ie,(x+a)"=> "C x""a"
r=0
The above expansion is called Binomial

Theorem or Binomial Expansion.

/—U Important Notes \]—\

The binomial expansion is also valid when
x and a are complex numbers.
The coefficients "Cy, "Cy, "Cs, ..., "C, or
simply Cy, Cy, C,, ..., C, are called binomial
coefficients and they can be evaluated with
the help of Pascal’s triangle.

& J

> Properties of Binomial Expansion (x + a)":

1. There are (n + 1) terms in the expansion.

il. The coefficients of the terms equidistant from
the beginning and the end in a binomial
expansion, are equal.
ie,"Co="C,=1

nC1 = nCn, 1=n
n n n(n — 1)
C,="C,n= and so on...

iii. In each term, sum of the indices of x and a is
equal to n.

iv. Ifweputa=-—ain (x+a)", then
(X _ a)n _ nCO xn a0_ nC1 xnfl al + nczxn72 a2

G 4 ()G T
+...+(=D'C, a"
ie,(x—a)"= > (-1)"C,x""a"
r=0
v. Putting x =1 and a = x, we get
a.  (1+x)"="Co+"Cix+"Cox’+ ...
+C X+ .+ "Chx”
ie,(1+x)"=> "Cx'
r=0
This is the expansion of (1 + x)" in ascending
powers of x.
b.  (1+x)"="Cox"+"Cix" '+7C,x" 2
ST e O R L
ie,1+x)"=>"Cx""
r=0
This is the expansion of (1 + x)" in descending
powers of x.
vi. Puttingx=1and a=—x, we get

(1-x)"="Cy—"Cyx+"C, x> - "C3 x°
+ . A ED)TC X L (D) C X

Le,(1-x)"=) (-1)"C,x

r=0
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vii.  The coefficient of (r + 1)th term in the expansion
of (1 +x)"is "C,.
viii. The coefficient of x' in the expansion of
(1+x)"is"C..
ix. a  (x+ta)+(x—a)" =2["Cox"a’+"Cox" *a’
+0C,x" tat+ ]
b. (x+a)'—-(x—a)
=2["Cyx" Ta'+"Cyx" YAt +. ]
c. (I+x)"+1-x)"
=2["Co+"Cox® +"Cyx’+...]
d. (I+x)"-1-x)"
=2["Cy x +"C3x° +"Csx” + ...]

/—ﬂ Important Notes U—\

% If nis odd, then {(x + a)" + (x — a)"} and
{(x + a)" — (x — a)"} both have the same

+
number of terms = [nle terms.

< If nis even, then {(x + a)" + (x — a)"} has
[%-Hj terms and {(x + a)" — (x — a)"} has

[Ej terms.
2

- J

General term:
The general term of the expansion is (r + 1)th
term, usually denoted by T, . or t, +.

i General term of the expansion (x + a)" is
Tr+ | = nCrxnfrar
il. General term of the expansion (x —a)" is

Tr+ = (71)r nCr xn—rar
iii.  General term of the expansion (1 +x)" is
Tiv1 = nCr x'

_n(n-1(n-2)..(n-r+1) .

X
r!
iv.  General term of the expansion (1 —x)" is
Tr+ 1= (_l)r nCr xr
_(-)'n(a-D(n=2)..(n-r+1) ,
- X

r!

[ Important Note \

< In the binomial expansion of (x + a)"; the
™ term from the end = (n — r + 2)™ term from
the beginning

: n r—1 n-r+1
e, Chr+1x a

> Independent term or constant term:

Independent term or constant term of a binomial
expansion is the term in which exponent of the
variable is zero.

Condition:
In the expansion of (x + a)"
(n —r1) [power of x] + r[power of a] =0

e.g.
Find the constant term in the expansion of

15
(X3 — izj
X

Solution:
1 15
Given[xz——zJ
X
Here, power of x = 3, power of a = — 2 and
n=15

Let (r + 1)th term be the constant term in the
15
expansion of [x3 - —j

2
X

(15-1)3+1r(-2)=0

45 -3r—-2r=0
45 -5r=0
r=9

9+ 1)th term is independent of x.

> Middle term (s):
In the expansion of (x + a)", the middle term
depends upon the value of n.

1. If n is even, there is only one middle term,

th
LN +
which is (n—zzj term.

e.g.
Find the middle term in the expansion of

20
-2
3 2x

Solution:

Here n = 20, which is an even number.

20+2)" . h . .
5 termi.e., 11 term is the middle term.
. If n is odd, there are two middle terms, which
n+1 th n +3 th
are | —— | and terms
2 2
n+l n-1

and T(L”) =“CL+1x2 a?
2 2
e.g.

Find the middle terms in the expansion of

3 7
3x—x— .
6

Solution:
Here n =7, which is an odd number.

th th
(77“} and (7—;3j ie., 4™ and 5™ terms are

two middle terms.
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f—ﬂ Important Notes Uﬁ

When there are two middle terms in the
expansion then their binomial coefficients are
equal.

Binomial coefficient of middle term is the
greatest binomial coefficient.

J

> Greatest coefficient in the expansion of
(x+ a)":
1. If n is even, then greatest coefficient is "C, .
2
i, If n is odd, then greatest coefficient is "C,_, or
2
“Cn“
L
>
i. Greatest term in the expansion of
a+x)"
If T, and T; . ; be the ™ and (r+ 1)th terms in the
expansion of (1 +x)", then
T, "Cx' n—r+1
= n r—1 = |x|
T C _x r
Let numerically T; + | be the greatest term in the
above expansion. Then T, | > T;
T
or = >1
n—-r+1 |x| >1
r
n+l .
orr< (n+1) || ..(0)
(1)
Now substituting values of n and x in (i), we get
Casel:r<m+f or
Casell:r<m
where m is a positive integer and f'is a fraction
such that 0 < f < 1.
In the first case Ty, . | is the greatest term,
while in the second case T, and T,, +; are the
greatest terms and both are equal.
OR
When n is even, T,, . is the greatest term,
when n is odd, T, and T, - | are the greatest
terms and both are equal.
e.g.
Find the greatest term in the expansion of
(1+x)"°, when x = %
Solution:
In the expansion of (1 +x)'°, we have
T, _ 10-r+1
- - N
T r

102

r

) ]

ii.

T
Now, =L >1
T

r

= [%)3) >

=22>5r

=>r< 42
5

4+ 1)™ie., 5" term is the greatest term.

Greatest term in the expansion of
(x+a)":

Greatest term for (x + a)" can be found as
follows:
(x+a)=x" (1+3j

X

Find the greatest term of (1+3j . Then
X

multiply it by x", we get the result.

e.g.
Find the greatest term in the expansion of

(2 + 3x)°, when x = % .

Solution:

f—ﬂ Important Notes ‘]ﬁ

9
Since, (2 + 3x)’ =2° [1 +37xj

9
Now, in the expansion of (l +37xj , we have

T, _ 9-r+1|3
- —X
T, ro |2
_(10-1)|3 3 { 3}
= —X— e x=—
ro |2 2 2
_ 90-9r
4r
T, >1 = 90 —-9r >1
T, 4r
=90>13r
=r< % =62
13 13
r<6 12
13

(6 + 1) i.e., 7™ term is the greatest term.

The greatest term in (1 + x)*" has the greatest
coefficient if —— < x < n—+1
n+l1 n

=2 (1) C, =0

r=0

n

Y =2 Y e,
r=1

r=0
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»  Multinomial theorem
(for a positive integral index):
If n is a positive integer and
aj, as, as,...,ay € C, then
(aj +ay+ay+...+ay)
= n—!af‘ a,2 a,3...a"m

n!n)ln!.n!

where n;, n, n3, ... ,ny, are all non-negative
integers subject to the condition
n+n+n3+...+n,=n

1. The

expansion of (a; + ap + a3 + ...
n!

coefficient of armin  the

+ ap)" is

n n n
1 2 3
a,'a?aj’ ..

In.tnlt 1’
n!n,!n!.n !

e.g.
Find the coefficient of a® b° ¢* in the expansion
of(a+b+c).

Solution:
The coefficient of a® b® ¢* in the expansion of
18. 18!
(atb+c) s
816!4!

[ n=18,n;=8,n;=6,n3 =4]

il. The greatest coefficient in the expansion of
n!

@)™ "Ua+DT
where q is the quotient and r is the remainder
when n is divided by m.
e.g.
Find the greatest coefficient in the expansion of
(x+y+z+u)’

Solution:
Here,n=10and m=4

(ai + a + a3 + ...+ ay) is

...[" x,¥, 7, u are four terms]

Now,

2
4) 10

-8

2
gq=2andr=2
Hence, greatest coefficient = %

(2)"[(2+1)]

10!
(2)°(3)°

iii. ~ The number of distinct terms in the expansion of
(ai+ap+ag+...+ay)is" " 'Cp_t.
e.g.
Find the total number of terms in the expansion
of 2x +y +2)"%

Solution:
Heren=12,m=3
total number of terms is >3~ 'cy 1 =091.

(—ﬂ Important Notes \]—\

<  Number of terms in the expansion of
(a+b+c)"
_nv2e (n+1)(n+2)
2
«  Number of terms in the expansion of
(a+b+c+d)"

_n+3c, = (n+1)(n+2)(n+3)

6

> Binomial theorem for any index:
Let n be a rational number and x be a real
number such that |x|< 1, then

(1+x)"=1+nx+ n(n-l) . n(n={n-2),,
2! 3!
- n(n—l)(n—zl)...(n—rJrl)xr+moo
I
This is called Binomial theorem for any index.
General term in the expansion of (1 + x)",
|x| <1,meQ
n(n-1)(n-2)..(n-r+1) |
r! g
i.e., Tr+ 1= nCr xr
Some important expansions:
For |x|< 1, we have
1. (1+x) '=1-x+x*-x+ ... tow
i, (1-x)'=l+x++x+ .. toow
fii. (I+x) 7 =1-2x+3x"—4x+...to
iv. (I-x)2=1+2x+3x7+4+.. . towo
v. (1+x) =1-3x+6x"—10x’+... to o
vii (1-x)’=1+43x+6x"+10x°+... to o0

Tr+1:

Particular Expansions General Term (T, )

(1+x) ! 1) x'
(1+x)°? ) @+ 1)
a +x)73 (_1)r (r+1)(r+2)xr
2!

(1 +x)74 (_l)f (r+1)(r;2)(r+3) r
(1-x)"' x
(1-x)? r+1)x
(1 _x? (r+1)(r+2) |

2!
(1 (r+1)(r;2)(r+3) .

/—U Important Notes \]—\

X If x is so small that xz, X are all neglected,
then (1 +x)" =1 +nx.

-1 . .
“  (1+x)"=1+nx+ n(nz' ) X%, if x is small

so that x° s x4, ... are all neglected.
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- Formulae )

10.
11.

104

Binomial theorem for positive integral index:

If x and a are real numbers, then V n € N,

(x +a)’

= nCo xn aO + nC1 xnf
+"C,

lal+ncxn 232+

- 1.n-1 0
XA +"Co x a" +Cyxa"

n
ie,(x+a)"=> "Cx""a’

r=0

Number of terms in the expansion of (x + a)" is
n+1.

The coefficients of the terms equidistant from
the beginning and the end in a binomial
expansion (x + a)" are equal.

(r + 1)™ term from the end in the expansion
(x + a)" is equal to (r + 1)™ term from the
beginning in the expansion of (a + x)".

(1+x)"
="Co+"Cyx +"Cox? .. A "Cox . A "Cy X"

n

i, (1+x)" = "Cx

=0
This is the expansion of (I + x)" in ascending
powers of x.

(1+x)"
="Cox"+"C X" G T LT
+...+"C,
ie,(1+x)"=> "Cx""
r=0
This is the expansion of (1+ x)" in descending

powers of x.

(x+a)'+ (x—a)
=2["Cox"a" +"C, x"

(x+a)"—(x—a)"
—2["C 2"

(1+)"+(1-x)"
=2["Co+ "Cr x> +"Cyx* + ...]

A+x)"=(1-x)"=2["Cix+"C3x" +...]

2 4 4
a?+"Cux™ fat+ ]

Pal +7Cx" a2’ + .. ]

General term of the expansion (x + a)" is
Tev1="Cex" 'a

General term of the expansion (x — a)" is

Tio =CD"Cox" "a'

General term of the expansion (1+ x)" is

Tr+ 1= nCr xr

_n(n-D(n-2)..(n-r+l1) ,

x
r!

General term of the expansion (1 —x)" is
Tyor= (1) "C ¥
_(-)'n(n=1)(n=2)..(n-r+1) |

= X
r!

il.

13.

il.

14.

15.

16.

17.

il.

iil.

iv.

Middle term in the expansion of (x + a)":
If n is even, then the middle term

n th
= [—+1j term.
2

If n is odd, then the middle term
th th
= (H—Hj and (n+3J terms.
2 2

Greatest coefficient of (x + a)":

If n is even, then greatest coefficient = "C,

2
If n is odd, then greatest coefficient
="C,, or "C

n-l o+l
2 2

1. If x > 0, then the greatest term in the
expansion of (1 + x)", n € Nis Tp, + 1,
where m is largest positive integer ‘r’
satisfying

T >1ie., n-or+l

T

If for r = m, the equality holds, then both T,
and Ty, + are greatest and equal.

ii.  In the expansion of (x + a)", x, a > 0,
greatest term is T, + |, where m is the

x >1.

T

largest positive integer ‘r’ satisfying
T . -
=1 >1ie., n Hl.gzl.

r X

r

In case equality holds for r = m, then both
Ty and T, are greatest and equal.

Total number of terms in the expansion
(i +ay+as+..+tan)is" ™ 'Cpu_y.

Let n be a rational number and x be a real
number such that |x| <1, then

n(n—l)x2 n
21

n(n —1)(n—2) E

(I+x)"=1+nx+ 3

F— n(n—l)(rll—Z)...(n—r+l) e

This is called Binomial theorem for any index.

...

If (1 +x)"

=Co+Cix+Cox’ + ... +Cnxn' n € N, then
2 3 n+l
2 3 n+1 n+l1

(1 + a)n+l _(1 _ a)n+]

2n+1)
C,+2Ca+3Ca*+ ..+ nCpa™ ' =n(l +a)" "
C,+3Csa* +5Csa* + ...

=2 +ay

t...=

C,a’ | Ca’
5

—a)""]
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- Shortcuts )

Coefficient of x™ in the expansion of
ax’ +£ = coefficient of T, 41,
xq

where r = hp—m .

p+q
e.g.

X 2 10
Coefficient of x* in (g - —Zj = coefficient of T, +1
X

wherer= 0124 _

1+2

required coefficient = coefficient of T;

e 3o

1. If the coefficients of pth , qth terms in the
expansion of (1 + x)" are equal, then
ptq=n-+2.

ii.  If coefficients of x", x" ! in the expansion

of (a+%j are equal, then
n=(r+1)(@b+1)-1.
The term independent of x in the expansion of

(aucp +£j =T,+1, wherer= AP
x p+q

e.g.

Term independent of x in

9
9(2
(xz —Lj =T,,,wherer= Q =
3x 2+1

6
required term = Tg 1 ; = T7 ="C (_éj

=28
i. The coefficient of X" ~ ' in the expansion
of(x—1x—-2)... x—n)= @
ii. The coefficient of x” ' in the expansion
of(x+1)(x+2)...(x+n)= @
1. If coefficients of r', (r + 1)™ and (r + 2)"

terms in the expansion of (1 + x)" are in
A.P., then n®* — n(4r + 1) + 4r* =2 = 0.
ii.  If coefficients of X ~ ', x", X " ! in the
expansion of (1 +x)" are in A.P., then

n’—(4r+1)+4r* -2 =0.
Sum of the coefficients of (ax + by)" = (a + b)".

If the coefficients of ™, (r + 1)" and (r + 2)"
terms in the expansion of (I + x)" are in H.P.,
thenn+ (n — 21‘)2 =0.

8. To find the greatest term in the expansion of

(I +x)7"
. 1
1. Calculate, r = x(n+ )
x+1
il. If r is integer, then T, and T, . | are equal and

both are greatest terms.

iii.  If r is not an integer, then Ty + | is the greatest
term, where [.] denotes the greatest integer n < x.
e.g.

To find the greatest term of (2 + 3x)’ at x =

| w

Solution:

9 A9 3xY
(2+3x) =2 1+7

+3fe ol

# an integer
[r]=6
the greatest term = Tg | = T

9. If a is coefficient of x" in the expansion of
(1 +x)",n €N, then
a, _"C

r+l =

a "C r+l

T T

n-r

10. To find the sum of coefficients in the expansion
of

i (x+y),putx=y=1

il (x+y+z),putx=y=z=1

iii. (ax+by),putx=y=1

iv. (ax+by+cz), putx=y=z=1

EE Multiple Choice Questions

BINOMIAL THEOREM FOR A POSITIVE

INTEGRAL INDEX, GENERAL TERM,
MIDDLE TERM AND SIMPLE
APPLICATIONS
1. If n is a positive integer, then the number of
terms in the expansion of (x + a)" is
(A) n (B) n+1
(C) n-1 (D) none of these

2. (\/§+1)4+ (\/5 —1)4 is equal to

(A) arational number
(B) an irrational number
(C) anegative integer
(D) none of these
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3.

10.

11.

12.

13.

106

If n is a positive integer, then
(\/§ + 1)211+1 n (\/g B 1)Zn-H is
(A) an odd positive integer
(B) an even positive integer
(C) an irrational number
(D) arational number
Whenn =38, (\/§+i)n + (\/g—i)n =
[TS EAMCET 2018]
(A) -256 (B) -128
(C) 2561 (D) 128i
W2+ - (2~ =
(A) 102 (B) 702
(C) 14042 (D) 12072
(J§+J§)4 —(ﬁ—ﬁ)4: [KEAM 2018]
(A)  20V6 (B) 30v6
(C) 5410 (D)  40V6
The value of (V2 +1)° +(~/2 =1)° will be
(A) —198 (B) 198
©) 99 D) -99

The number of non-zero terms in the expansion
of (143v/2x)° +(1-32x)° is
A) 9 B) 0 < 5 D) 10

The total number of terms in the expansion of

(x +a)"" — (x — )" after simplification is
[Karnataka CET 2017]

A) 24 B) 47 (C) 48 (D) 96

The expression

(x+«/x2—1)5 + (x—,/xz—l)5 is a polynomial of
degree
(A) 5 (B) 6 (O 10 (D) 20

The sum of the co-efficients of all odd degree
terms in the expansion of

(x+\/ﬁ)5 + (X_M)S,(pl)is

[JEE (Main) 2018]

@ o ® 1 © 2 O -

The sum of the co-efficients of all even degree
terms in x in the expansion of

(x + X — 1)6+ (x — X - 1)6, (x> 1) is equal to
[JEE (Main) April 2019]
(A) 29 (B) 32 (C) 26 (D) 24

In the expansion of (x + a)", the sum of odd
terms is P and sum of even terms is Q, then the
value of (P2 — Qz) will be

(A) & +a) (B)
©) (-a” (D)

(x2 _ a2)n
(x+a)™

14.

15.

16.

17.

18.

19.

20.

21.

22,

23.

24,

25.

26.

Sum of odd terms is A and sum of even terms is
B in the expansion (x + a)", then

(A) AB= %(x —a—(x+a)"

(B) 2AB=(x+a)"— (x—a)™
(C) 4AB=(x+a)"—(x—a)™
(D) none of these

The last digit in 7°% is

A 7 ® 9 (@© 1 (D 3

The number (101)'® — 1 is divisible by
[WB JEE 2018]
A) 100 B) 10° () 10° (D) 10"

The remainder when 2*°”° is divided by 17 is
[KEAM 2018]
A 1 B) 2 © 8 (D) 12

The coefficient of x’ in the expansion of

(x+3)is [KEAM 2018]
(A) 1542 (B) 1512
(C) 2512 D) 12

The coefficient of x° in the expansion of

A +x%)° (1 +x)*is [KEAM 2017]
(A) 30 (B) 60
(C) 40 (D) 10

The coefficient of x in the expansion of

(1-3x+7x)(1-x)"is [KEAM 2018]
A 17 (B) 19
€ -17 (D) -19

The coefficient of x* in the expansion of

(1-x+x*=x)is [EAMCET 2016]
(A) 31 (B) 30
(C) 25 (D) -14

The coefficient of x* in the expansion of
(1+x+x*+x)" is

A) G

(B) "C4t+"Cy

(C) "C4t"Cr+"Cs."Cy

(D) "C4+"C,+"CL."C,

The coefficient of x’ in the expansion of
(1-x-x*+x)’is

(A) 144 B) -132

€ -144 (D) 132

The coefficient of x’
(*—x—2)1is

(A) -8 (B) -8 () -8 (D) O
In the expansion of (I + 3x + 2x°)° the

coefficient of x!! is
(A) 144 (B)

in the expansion of

288 (C) 216 (D) 576

2n
If (1 +2x+x)"= z a x', then a, =

Aa) ('cy (B) "C,"Ci+1
©) G (D) 2Cyy)
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its Simple Applications

99.

100.

101.

102.

103.

104.

105.

106.

107.

108.

The coefficient of middle term in the expansion
of (1 +x)"is

10! 10!

(A) el (B) G
10! 10!

©) B D) gl

In the expansion of (3x + 2)*, the coefficient of
middle term is
(A) 81 (B) 54 (C) 216 (D) 36

10
The middle term in the expansion of (Q+%j
X

is [Karnataka CET 2015]
A °cs B Cs (© ""Cs (D) °Cs
The middle term in the expansion of
12
x\/; 3 .
| is
3 y\/;

C(12,6)x y?
Cc(12,6)x

(A) C12,7x’y’  (B)
© cu2,nx’y’ (D)

The coefficient of the middle term in the
binomial expansion, in powers of x, of (1 + O(.x)4
and of (1 — owc)6 is same, if o equals

3 10 3 5
A) = B — (© -=—
w : ® 3 © - :
The greatest coefficient in the expansion of
(1+x)?is
(A) "Cs (B)

PG (©) PCs (D) Gy

The greatest coefficient in the expansion of
2n+2 .
(1+x) 1s

(2n)! (2n+2)!
() (nl)’ ®) {(n+D1}

(2n+2)! (2n)!
© n!(n+1)! (D) n!(n+1)!

The greatest term in the expansion of (1 + 3x)™*,
when x = % ,1s
A) 28" B) 25" (©) 26" (D) 24"
The largest term in the expansion of (3 + 2x)50,
when x = % , 1S
A) 15" ®B) 51 () 7™ (D) 8"

The numerically greatest term in the
binomial expansion of (2a — 3b)"’ when

a= % and b = % is  [AP EAMCET 2018]
1

A) Ycs2" (B) 19C3‘?

©) "CiL D) C;2"

109. The greatest term in the expansion of
20
1 .
NG [1+—) 18
NG)
25840 24840
a) =2 ® ==
26840 23840
) — D) ——
© = © =
110. If the middle term in the expansion of
(1 + x)™ is the greatest term, then x lies in the
interval [EAMCET 2016]
(A) ( n ’n+1] (B) (n+1’ n J
n+l n n n+l
(€©) (n-2,n) D) (m-1,n)
111. If n is even positive integer, then the condition
that the greatest term in the expansion of
(1 +x)" may also have the greatest coefficient is
[WB JEE 2018]
(A) <x<n +2
n+2 n
(B) L <x< n_+l
n+l1 n
(©) n+l1 <x< n+2
n+2 n+l
(D) n+2 <x< n+3
n+3 n+2
10
112. If the 4™ term in the expansion of (2+§xj has
the maximum numerical value, then the range of
value of x for which this will be true is given by
64 64
A) ——<x<-2 B) —<x<2
(A)  —=x (B) - =¥
© 64 x<4 (D) none of these
21
MISCELLANEOUS
3
1. The fourth term in the expansion of (1—2x)? will
be
3 x
A) —=x* B) —
A —x ® 3
3
3
c) - D) 2
© -3 @) x
3
2. The first four terms in the expansion of (1-x)?

are
3 3
(A) 1-Sx3p0 X () -3y 3p X
278 e 2778 16
3 3
(©) 1-x42¢4% (D) 143430 %
278 e 278 e
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Numerical Value Type Questions

1.

116

If the 4™ term in the expansion of

6
1 1
[ B0 x”} is 200, x > 1, find the value of x.

The coefficients of the (r — 1)™, ™ and (r + 1)®
terms in the expansion of (1 + x)" are in the ratio
1 : 3 : 5. Find the average of the coefficients of
(=™ ™ and (r + l)th terms.

If the middle term in the binomial expansion of

1 Y. 63
—+xsinx | 18 < then find the value of
X

6 sin’x + sinx — 2.

IfC,= 25Cr and

Co+ 5C; +9C, + ... + (101)Cys = 27k, then k
is equal to

o

If po 3,35, 357

.0, find p* + 2p — 4.
4 48 a8z " brop

If the sum of the coefficients of all even powers of
x in the product
A+x+x+ .+ —x+x* =X+ .. +x™)is 61,
then n is equal to

[JEE (Main) Jan 2020]

If the maximum value of the term independent

1 15

. . » + (I=x)0
of t in the expansion of | t°x? +7 , x>0,

is K, then 8K is equal to .
[JEE (Main) July 2022]

Let the sum of the coefficients of the first three

terms in the expansion of (x—izj , x = 0,

X

n e N, be 376. Then the coefficient of x*
is . [JEE (Main) Jan 2023]

I Topic Test A‘ I

For n € N, in the expansion of (i/xf2 +p{/x_4 )n ,
the sum of all binomial coefficients lies between
50 and 100 and the term independent of x is
240. Then, the value of p° is

(A) 4 B) 12

© 16 (D) 25

If the binomial coefficients of 2", 3™ and 4™
terms in the expansion of

[\/ Zloglo(lo_y) +\5/2("'2)1"gl°3] are in A.P. and the

6" term is 21, then the values of x are
A) 0,2 B) 0,3
© L2 D) L3

1 1
If the last term in the expansion of (23 +2 2J is

log3 8

1

1

3(9)s

, then the 5" term is equal to

(A) 90 B) 150
(©) 210 (D) 270
7' when divided by 25 leaves the remainder

(A) 15 (B) 16 (C) 18 (D) 20

"C and

n-1 n

If s,="C,-"C,+"C,-"C,+..+"C
S

n+ 1

S

n

A 4 ®» 5 © 6 (D 8

= % , then n equals

10.

11
If the coefficients of x’ in (axz + bL) and x in
X

2

11
(ax - bL) are equal, then the value of ab is
X

@ 2 ®  © 1 O 2
The value of r for which
00 400, 1 40c. 400, + 40, 400, + .

+ 40Co 40Cr 1S maximum, is
(A) 10 B) 20
(©) 30 (D) 40

In the expansion (i/z + ) , if the 7" term

1
B
from the beginning and end are equal, then the
value of n is
(A) 10 B) 12
) 14 (D) 16

The sum of all real values of x for which the
3

8
middle term in the expansion of (% + 2] equal
X

5670 is
@ o0 ® 2 (© 4 (D 6

The sum of the coefficients of integral powers
40
of x in the expansion of (1 +2 \/;) , 18

A) 3%+1 B) 3*-1

© (-) @) (3 +1)
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11.

12.

13.

14.

15.

16.

The coefficient of x'' in the expansion of
(1-x) (1 —4x) (1 - 4%)...(1 - 4"'x) is

1 1
(A) 3 4% — 47 (B) 3 47— 4%)

(©) % (455 B 467) (D) % (467 B 455)

If { } represents fractional part of x, then

32009
{ Y } is

1 3
W o ®) S
9 11
© ®)

The smallest natural number n, such that the

. . . 1Y .
coefficient of x in the expansion of [xz + —3j is
X

"Cps, is

(A) 23 ®) 35

(C) 38 (D) 43

If C; + 22 %0, + 32 90y + ...+ 40° YCy
=p x 2% then the value of p + q is

(A) 1528 (B) 1678

(C) 1728 (D) 1838

If the 4™ term in the binomial expansion of

6
[g+xl°g8XJ ,x>0,1s 20 x 8, then the value of

X

X 18
(A) 8 (B) &
©) & D) 8

If the coefficient of ™ and (r+ 1)th terms in the
expansion of (1 + x)** are in the ratio 12:13,
then r is the root of the quadratic equation.

(A) xX*-7x+12=0
(B) x*—14x+13=0
(C) x*—14x+24=0
D) xX*-Tx+1=0

Scan the adjacent Q.R. Code in Quill - The Padhai App to access

Answers & Solutions to Topic Test.

17.

18.

19.

20.

21.

22,

23.

24,

If x is positive, the first negative term in the
21
expansion of (1+x)s is

(A) 4" term (B)
(C) 6" term (D)

5" term
7 term

The number of irrational terms in the binomial

expansion of (§/§ + 2/5)100 is

(A) 4 B) 11
© 95 (D) 97
220Cy + 5%°C, + 8%°Cy + ... + 62%°C, =
(C) 225 (D) 226

If k is an integral multiple of 4 lying in between
the coefficients of x and x* in the expansion of

8
(xz + l) , then the number of values of k is

A) 2 B) 3
© 4 D) 5

Find the digit at the unit’s place in the number
171995 4 111995 _ 71995

The coefficients of (r — 1)™, ™ and (r + )™
terms in the expansion of (1 + x)" *° are in the

ratio 5 : 10 : 14. Find the average of the

coefficients of (r — 1)th, ™ and (r+ 1)th terms.

Forx e R,x#-1,if
(1 + 22" + x (1 + x5 + %1 +x)*
2016

2016 i
toAx =) ay
i=0

and ays = _p , then find the value of p —q.
241q!

If the sum of the coefficients of 1%, 2" and 3™

terms in the expansion of [xz—gj , x =0,
X

n € N is 391, then find the value of n.

If the sum of the coefficients in the expansion of
(x + y)" is 2048, then find the value of the
greatest coefficient in (x + y)".
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4. Binomial Theorem and its Simple Applications

BINOMIAL THEOREM FOR A POSITIVE

INTEGRAL INDEX, GENERAL TERM,
MIDDLE TERM AND SIMPLE
APPLICATIONS

1. (B)

420

Number of terms = one more than the power
of the binomial

A)
Since, (x + a)" + (x — a)"
=2["Cy x" a’+0C, A" 2 Al Ot at .

(o = (1
‘0, (V3) +e, (V) 02
+'c,(3) 1)

=2

=2[9+6(3)+1]

=56

= a rational no.

©

(\/§+1)2n+1 +(\/§_1)2n+1

=9 {zn+1co(ﬁ)z"+l+ 2"”(:2(\/5)2"4

ot 2““C2n«/§}

2\/5 {2n+1C0(\/§)2“+2n+1C2(\/§)2“'2 +...+2"+1C2n}

=23 {a positive integer}
= an irrational number.
(A)

(e« (-

= 26, (V) e, ()

+C, («/5)4 it+'C, («/5)2 i°+°C is}

—2(81 — 756 + 630 — 84 + 1)
=2(-128)
— 256

(@)}
Since, (x + a)" — (x —a)"
=2["C, P la+ " YA +0Cs Y a] +...]

2+1)° -2 -1

=2[°C (V2)' ()'+°Cs (2)’ (1)+°Cs (2)' (1))
=2 [6x442 +20x24/2 +64/2]

=2 [244/2 + 4042 +642]

= 140V2

6.

10.

11.

D)

(V3+v2) — (V3-+2)

- 58], ()
2(126 +86)

= 40v6

(B)
W2+ + 2 -1)°

=2|(v2)' + . (V2) (1 + e, (V2) (1) +°C |

=28+ 15x4+15x2+1)
=198

©

Given expression
(1+3v2x) + (1-3v2x)
=) [1 +°C,(3v2x)’

+°C,(3v2x)* +°C,(3v2x)" + 908(3\/§x)8]

the number of non-zero terms is 5.

A

If n is odd, then (x + a)" — (x — a)" will have
(n+1j
—— | terms.
2

(r+2)" = (x— )" has (47; !

j =24 terms
(A)

(x+\/ﬁ)5 + (x—\/ﬁ)s

o[ e (Ve 1) + e (Jﬁ)“]

=2x"+2.°Cx’(x® = 1) + 2. °C4 x(x* — 1)* which
is a polynomial of degree 5.

©

71 e 7

= 2%C, ¥+ 70, X (¥ —1) + Cyx(x 1) |
= 2[x" #1100 (x" 1)+ 5x (x* = 2" + 1)]

=2 (" +10x° - 10x* + 5x" — 10x" + 5x)
Sum of the coefficients of all the odd degree
terms =2 (1 -10+5+5)

=2




Answers & Solutions

12.

13.

14.

15.

16.

17.

(D)

(x+ \/x3 —1) +(x—\/x3 —1)

=2[°Cox® +°C, x* (¥ = 1) + °Cy x* (* — 1)
G 1) ]

=2+ 15 (- D)+ 152 (P =24 + 1)
+ (x9 —3x%+3x - )]
=2 (x6 +15x" — 15x* + 15x° — 30x° + 1557

+x0 =30+ 37— 1)
Sum of the coefficients of all even degree terms
=2(1-15+15+15-3-1)

=2(12)
=24
(B)
(x+a)n:xn+nclxn—la+nc xn 23.2+ an 3 3
+ ...
=("+"Cox" Fat+ )
+("Cy x" 1a+ Cyx" 2’ +..)
=P+Q

(x—a)" =P —Q, as the terms are alter. +ve and —ve
PP-Q'=(P+QP-Q=(+a) x-a)
P2_ Q= (- )"
©)
(x + a)n: nCO xn + nclxnf 1a + nczxn72a2
+°C; X" At
According to the given condition,
A="Cox"+" sz 22 00t
and B="Cx" 'a+"C3x" 2’ + ...
(x+a)"=A+B
and (x—a)"=A-B
But, 4AB = (A + B)* - (A — B)?
4AB = (x +a)" — (x—a)™"

©)
We have, 77 =49 =501
Now, 7% = (72)150 — (50—
_ 150Co(50)150( 1)04_150(: (50)149( 1)
+ o+ 20C50(50)° (- 1)
Thus, the last digits of 730O 50C s0.1.11.e., 1.

A)
(101)'° -1 =(1+100)"" -1
=['Cy + '°C,(100) + '°Cy(100)* + ...
+"C100(100) ] - 1
= (100)* [1 + '°°C, + '°C5(100) + ...
+ 1C100(100)"]

1)150

(101)'® — 1 is divisible by (100)° i.e. 10*.
(A)
22000 (16)500

—(17-1 500

— 500 (17)500 _ S0 (17)499 + 500 (17)498
—20C99(17) + 1
_ 17[(17)499 500 (17)498 +500¢ (17)497
O ER!
Remainder = 1

18.

19.

20.

21.

22.

23.

24,

25.

(B)
(@ +3)°="Cox"+°C; (x)(3)

+°Cy (2)(3%) +°C3 ()30 + ..
Coefficient of x° = *C5 (3°) = (56)(27) = 1512

(B)
1+ (1 +x)*'=CCo+°C +°Cix* + )
x (*Co+C x + 10 +1C 1 + 0y 1)
Coefficient of x* = °C, *C; +°C, *C,
= (5)(4) + (10)(4) = 20 + 40 = 60

(D)

(1-3x+7x)(1 —x)"°

=(1-3x+7x)("°Co - "°Cy x + ..)

Coefficient of x= —16C1 - 316C0
=-16-3=-19

(A)
1-x+x-x)'=01-0"1+x)*
_ (4Co B 4C1x N 4C2x2 . 4C3x3 + 4C4x4)
% (4Co 4 4C1x2 + 4C2x4 + 4C3x6 i 4C4x8)
Coefficient of x* = *Cy *C, + *Cy *C, + *C4 *Cy
=31

D)
A +x+x"+)" = {(1+x)+x°(1 +x)}"
={(1+x) (1 +x)}"
=(1+x)"(1 +x)"
=(1+"Cix+"Cox® + ... +°Cpx")

x (1+°Ci x> +"Cox* + ...
coefficient of x *
= nCz + nCz nC1 + nC4 = nC4 + nC2 + nC1 nC2

©)

We have,

1-x-2+x)°={1-x)1-x)}°

=(1-0°0-x)°

= (6C0 — 6C1 x+ 6C2 xz— 6C3x3 +...+ 6C6 x6)
(°Co—°Cy x* +°C, x* = 0C3x° + ... +°Ce x'?)

coefficient of x’

= [ °Cy x -°C3] + [-°C3 x °Cy] + [-°Cs x ~°Cy]

=120-300 + 36 = 144

(B)
o —x-2)
=(x-2 (1 +x
=[Cox’ = °Cix* x 2 +°Cox* x (2)°
—3Cxt x (2 +7Cx x ()1 =7Cs(2)° + ..]
x [’Co+3Cix +°Cox® +°C5 3 +°C,x* +°Csx°]
=-81
coefficient of x°
3Cox *Cy—>C1°Cy x 2 +7C,°Cy x (2)?
—Cyx 2Cy x (2)° +7C4 °C4(2) = °Cs x °Cs (2)

D)
(1+3x+2x) —(1+x) (1+2x)

+ ncn x2n)

=[°Co+ C1x+ + 00+ Csx]

. [6c06+ (6:1x et 5Cs(2x)° + °Co(2%)°]
= C5 C62 + C6 C52
=576
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Answers & Solutions

72.

245

(A)
Let S=(1+x)""+2x(1 +x)*” + 3x*(1 +x)**®

+ ... +1000(1 +x) x** + 1001x'°

xS 999

= —=x(1+x)
1+x

+ 2241 + %)

1001

+ ... +1000x" + 1001 X
1+x

On subtracting these two, we get
xS

1+x

= {(1+0)"" +x(1 +2" +x7 (1 +x)™"
1001

+ ..+ 1% — 1001

1+x
S
1+x

1001
()
:(1+x)1ooo I+x _1001 %
1_4{f 1+x
I+x

]OO]
N S —(1+ )1001 1001 _ 1001 %
1+x 1+x

= 8=(1+x)"-x""" (1 +x) - 1001x"""
=S=(1 +x)1002 100251001 _ 1002

coefficient of x°° in S

= coefficient of x°” in (1 + x)'**

_ 1002
= "Cs

Numerical Value Type Questions

(10)

T4 = 6C3

1 1 3
xlog10x+l [Xlz]
3
1 2 1
=200 =20 | x 0" (ﬂj

é[ ; JJrl
2| log, , x+1 4
=10=x"""

= log,10 = 3__1 +l
2\ log,,x+1) 4

1 3( 1 1
= = — |+ =

t 2(t+lj 4
=t +3t-4=0

=>@t-1)t+t4)=0
=t=lort=-4

...[Take t = logox]

= logjpx=1orlogpx=—-4

=x=10 ...[Asx>1]

(21)
"Crp:"C_y:"C=1:3:5
Cr72 — l and Crfl — g
"C., 3 "C, 5
NS el Y LA
n-r+2 3 n-r+l 5
=4r—-n=5 ...(d)
and 8r—3n=3 ...(11)
Solving (i) and (ii), we get
n=7andr=3

'C,+'C,+'C,
3
7+21+35
3

= Average of coefficients

=21
()

Here, n = 10, which is even.

th
Middle term = (% + IJ term = 6™ term

= (O (lj (x sinx)’
X

- % ~ 252 (siny)’

.5 1
= (SInx) = —
( ) 32
1 5
= (sinx)’ = [—j
2
. 1
= SInx = —
2

=2sinx—1=0
= 6 sin’x + sinx —2 = (2 sinx — 1) (3 sinx +2)
=0

(1)

25
Cy+5C, +9C, +...+(101)Cpy = Y C, (4r+1)
r=0
25 25
=43 r"C.+ ). 7C,
r=0 r=0

25 25 25

= 4er—(“cr_l)+zzscr
r=1 T =0

= 100.2% +2%

= 27(50+1)

= 2%5]

= k=151

3)

3 35 357
p=+—+

.8

4 4.
Sptrl=1+ fow (D)

441
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(1+x)“=1+nx+%x2+...oo (i)
nx:% ....(iii)[From (i) and (ii)]
and 2@ DX’ _3—2 (V)
n(n — 1)x* 3.5
#: 3~82 ...[From (iii) and (iv)]
nx
5
Pl B
n 3
-3
<Sn= —
2
3
nx: p—
4
3
=>|—=|x==
2 4
-1
=>x=—
2
(1)
pt+1 —(1 2)
=>@p+1)=202

=>p +2p+1=8
=>p +2p-4=3
30

Let
Q+x+xX>+ . A1 —x+x =X+ .. +x™)

2
=aptax tax +...

Substituting x = 1, we get
A+1+1+..+D)(I-1+1-1+..%+1)

=apta +tata;+...

=atatatazt...=2n+1 (1)
Substituting x =— 1, we get
A-1+1-1+..+DA+1+1+..+1)

=ap—ata—az+ ...

>a-a ta—a+..=2n+1 ...(11)
Adding (i) and (ii), we get
2(aptaytast...)=22n+1)
=61=2n+1

=n=30

(6006)
General term,

ANES: 1
2 1—x)w0
1 = 15Cr [ths] ( )

t

r

t;+ is independent of t,

if2(15-1r)—-r=0
ie.ifr=10

t = "Crox(1 —x)
Let f(x) =x(1 —x)

f'(x)=172x £’ {+=7\
/) =0 N
2
1
=x=—
2

f(xx) is maximum at x = % and
. 1 1
maximum value=f| = | = —
2) 4

1
10X 7

g - 3003
4

= 8K =6006

(405)

The sum of the coefficients of the first three
terms is 376

= "C,-"C,(3)+"C,(3)> =376

=376

= 1—3n+—9n(2_1)

= 2-6n+9n>—9n =752
=9’ - 15n-750=0

= 3n’—5n-250=0

= (n—10)(3n+25)=0

But,n # _?25

n=10

The general term is given as

o 3
Tl‘+1 = nCrX" (——zj

x
=1C X" (=3) X7
= 10C (-3 ¥
For coefficient of x*,
10-3r=4
r=2
Coefficient of x*=""C,(-3)

=45x%x9
=405
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